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Abstract. Previously it was shown that the inverse scattering transform for the modified
KdV equation is a canonical transformation under the vanishing boundary condition, with
the scattering data being essentially a set of action-angle variables (Flaschka and Newell).
Recently, we have developed the inverse scattering method for the modified Kdv equation
under the non-vanishing condition u(x, 1) > b, as x > £ oc, where b is an arbitrary constant.
In this investigation we prove that, under the above non-vanishing condition, the inverse
scattering transform for the modified kdv equation is a canonical transformation and the
scattering data are essentially a set of action-angle variables. Hence the modified kav
equation is completely integrable under the non-vanishing condition u(x, t) > b as x » £ 00,

1. Introduction

The inverse scattering method of the Mkdv equation

U, +6usu, + U, =0 (1)
was established under the non-vanishing condition

u(x,t)->b as x> £ (2)

where b is an arbitrary non-zero constant (Au Yeung et al 1984). The time variations
of the scattering data were found to satisfy an infinite system of ordinary differential
equations which can be trivially solved (Au Yeung et al 1984). This property is similar
to that of the vanishing case u(x, t) - 0 as x > =00 (Wadati 1972). Now, in the vanishing
case the inverse scattering transform for the Mkdv equation is a canonical transforma-
tion, with the scattering data being essentially a set of action-angle variables (Flaschka
and Newell 1975, Newell 1980). It is then suggestive to ask whether the inverse
scattering transform under the non-vanishing condition u(x,t)>b as x> +x00 is a
canonical transformation and whether the scattering data are essentially a set of
action-angle variables.

In this paper we look at the above questions. We shall show that, under the
non-vanishing condition (2), the MKdv equation represents a Hamiltonian system and
the inverse scattering transform is a canonical transformation, with the scattering data
being essentially a set of action-angle variables. We also obtain an infinite set of
conserved integrals of the Mkdv equation under the non-vanishing condition (2).
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For the convenience of discussion, we give in § 2 a brief review of some aspects
of the inverse scattering transform of the MkKdv equation under the non-vanishing
condition (2). In § 3 the mkdv equation is shown to be a Hamiltonian under the
non-vanishing condition. We prove in § 4 that the inverse scattering transform of the
MKdv equation under the non-vanishing condition is a canonical transformation, with
the scattering data being of the action-angle type. In § 4 we also obtain an infinite
set of conserved integrals of the MKdv equation under the non-vanishing condition.
Some conclusions will be given in § 5.

2. The inverse scattering transform of the MKdv equation under the non-vanishing
condition u(x,t)—>b as x> t

The inverse scattering method of the MKdv equation under the non-vanishing condition
(2) associates with the AkxNs problem

oV_(~ia a) (%)
ax (r(x) iA v v v, (3)
where

r(x)=-q(x) g(x)=u(x) (4)

(Kawata and Inoue 1977, 1978, Au Yeung et al 1984). In the method solutions
DA, €)=(dT(A, £), d3(A, §)) to the AkNs problem are defined by the following
boundary conditions:

wwo- () ) w e
where

g =-r=b (6)
and

£=(A"-Ap)"? Ao=—b". (7)

The scattering matrix

$1:(A, €) Siala, §)>

S“’g)z(szlu,o Sn(A, &)

is defined by
QX E)=D7(A, £) - S(A, 6). (8)

The function £ = (A%~ A3)"/? is multivalued and it is set to be single-valued by introduc-
ing two Riemann surfaces. A cut is set in the region (—Aq, A) of the pure imaginary
axis. The upper (lower) Riemann surface is defined to be £>A (£§-»—A) as [A|>©
and the sign of Im £ is equal (opposite) to the sign of Im A on the upper (lower) surface.

The scattering element S,,(A, £) is analytic in A in the region Im ¢ > 0 of the two
Riemann surfaces (Kawata and Inoue 1977, 1978) and the zeros of S,,(A, £) in this
region are just the eigenvalues of the AkKNs problem. Let A, k=1,2,..., N, be the
zeros of S),(A, £) in the region Im ¢ >0 of the upper Riemann surface.



Inverse scattering method of Mkdv equation 3577

Define m(A) and p,(A, £) by
m(A)=S(A, £)/ €+ dS,/dA 9)
and
Pi(A, €)= 85(A, £)/S11(A, £). (10)

The set {A,, m(A,), k=1,2,..., N; p,(A, £} is the scattering data under the non-
vanishing condition (2) (Au Yeung et al 1984). The mapping u(x)->
{A, m(Ay), pi(A, £)} is the inverse scattering transform of the Mkdv equation under
the non-vanishing condition.

Certain symmetries exist in the scattering matrix S(A, £) (Au Yeung et al 1984).
These symmetries are as below:

Suh O=Ls.0-6) S 6 =-Z2 5,00 -9)
T ! ()
Sah = =1=82h -0 S O=Lsu0-0)
and
S11€A, €) = Sy(—A, =€) Sta2(A, £) = —Sn(—A, —§) (12)
$:1(A, €)= =S1a(=A, —§) S2:(A, €)= 811(—A, —§)
and also
S1i(A, &) = Sp(A%, £4)* Si2(A, €) =—8,, (A%, £4)* (13)
Sa1(A, €)=—8,,(1%, £)* $x2(A, €) = 851, (A%, f*)*
Symmetries (11), (12) and (13) imply the following relations:
TSAO=Su-A O Su(hg)= T Su(-1,8) (14)
m(=A)=m(A) (15)
Si(A, €)= Sy, (—A%, —£%)* $21(A, €) = 85, (=A%, —¢%)* (16)
m(A)=m(—1*)* (17)
1S (A, E)F+1821(A, ) =1 (18a)
for real positive A and
1Su(A, ) =1Su(A, £ =1 (18b)

for pure imaginary A with 0< —iA <|b|.

3. The Mkav equation as a Hamiltonian under the non-vanishing condition u(x, t)— b
as x—» oo

We shall show that the Mxdv equation represents a Hamiltonian system under the
non-vanishing condition (2). Consider the functional H[u] defined by

o

H[u]=—%"- [u*—ui-b*]dx (19)

-
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This functional is well defined under the non-vanishing condition u(x, t) > b as x » %00,
The variational derivative 8H/du(x) is, from (19),

SH/du(x)=—2u’ - u,,. (20)
From (20) we see that the equation
6 ©6H
-2 21
U= ox su(x) (21)

is identical to the Mkdv equation. In view of the well known property of the operator
8/3x (Gardner 1971) we conclude that equation (21) is a Hamiltonian. Hence the
MKdV equation represents a Hamiltonian system under the non-vanishing condition,
and the Hamiltonian is equal to H[u]. The phase space consists of functions u(x)
which tend to b at infinity. Also, the corresponding Poisson bracket of any two
functionals f[u] and gfu] is given by

= 8 a9 8

o] a o (22)

4. The inverse scattering transform of the MKdv equation as a canonical
transformation under the non-vanishing condition u(x, r)—> b as x » too

In this section we will show that under the non-vanishing condition (2), the inverse
scattering transform for the MKdv equation is a canonical transformation. As already
discussed in § 2 the scattering matrix

S Sz
S(A’ §) B <SZI SZZ)
is defined by
d1(A E) =514, &) - d7(A, E)+80(A, €) - d3(A, §)
b3 (A, €)=S512(A, E)PT(A, €)+ Sx(A, ) B3 (A, €)

where @7 (A, &), ¢5(A, £) are solutions to the AKNs problem (3) satisfying the following
boundary conditions:

(8)

oA, f)"(;if;) exp(—iéx) as X > +00
(5a)
+ A —E .
b2 (A, §)->( - ) exp(iéx) as X = +00
where
q =~-r"=b.
From (8) we have
1 - +
Si(A, €) =m W(ei (A, ), d2(4, €))
(23)

Sa(A, 6)= W(s1(4, £), d7(A, €))

-1
26(A = ¢)
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where W(f, g) for any two solutions

) e )

to the AkKNs problem (3) is the Wronskian of f and g defined by
W(f g)=fig.—fog1. (24)

Now, using the symmetry (12) of the scattering matrix, we have from (8)

d1 (X €)=81(A, )BT (A, €)+ Sa1(A, £)d3 (A, €)

(25)
¢2_(/\’ §) = —52](—)\9 _f)d’r()\, §)+ Sll(-/\, _§)¢;(/\a g)'
From (25) we obtain
AT (A, ) =81(=A, =8 dT(A, €)= Sau(A, £) b3 (A, §) (26)
¢;(’\, §) = 521(_’\3 —§)¢I_(A’ f) + Sll(/\y g)‘ﬁ;(/\a §)~
Using (25) and (26) we arrive at
$T(A, €)= (=2, —¢) (;‘_"g) exp(~igx)
-84, &) (Air—.§) exp(iéx) as X > —00
63 (X, £) > Su(—A, ~£) (;‘_"5) exp(—iéx)
+811(A, €) - (l\i:_§> exp(iéx) as X —00
(27)

67(A, ) Suy(A, £) (;“’ §) exp(—iéx)

+8(A, €) - ( i:f) exp(iéx) as X 00
$7(A, £)> =Sn(-A, —§) (;‘_‘g) exp(—igx)
+S1(—A, —¢) (l\ir_f) exp(i&x)  as X = 00,

Next, using the AKNs problem (3) and the boundary conditions (5a) we obtain

8Su(rg) 1

- T, 4+
su(x) _25(,\_,’:)"51()"5»") #3(A, & x) (28)
85,,(A, f)_ -1 _ T
Su(x) _2§(A_§)¢I(A;§:x) ¢1(/\,§,X) (29)
aAi = -1 - T + .
sux) 28 —&)S, () CrAefeX) e b0 i=L2,. N (30)
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where A, i=1,2,..., N, are the zeros of S;,(A, £) in the region Im £> 0 of the upper
Riemann surface and

s _dS”(/\, §) ’ =d521()‘, §)
Sn(/\)——-———d)t Szl(A)—————d)‘
(see §2). Also, defining b, i=1,2,..., N, by
b= 8,,(A;, &) (31)

we then have

éb; o 8A; Sa(A, &)
5u(x)_szl()‘i)8u(x) Su(x)

(32)

In the following we will use the variational derivatives (28), (29), (30) and (32) to
calculate the commutators {81:1(A, &), S5, (A, €D}, {S1:(A, &), S;,(A', €},
{821(A, €), S51(A', €} and {In A;, In b;}. We first calculate {S,(A, £), S21(A", €)}. From
(22) we have

{Sn(A, f), SZI(A,’ fr)}=% J

—aC

* (5SII(A’ f) i_ 6521(/\,: g’)
Su(x) ax  du(x)

5S,(A, €) 8 8Su(A, f))
Su(x) ax du(x) d (33)
Substituting (28) and (29) into (33) we obtain

{S]l(’\9 E)s SZ](A” 5’)}

= -1 - - T
BE -O)E(A —€) J . (¢‘ A &)

B3\ & x) aix BTN, €, )TN, €, x)
—T (A, £, x)T
COTON, €, %) = 6T, £ 0TI 6 x)) dx. (34)

Using the AKNs problem (3) we obtain from (34) that

x=0C

{S1(A, &), S5, (A, £)} = 1 (A —A z2+*“'zl)

BEEA—E)(A =&Y\ A+A" A=A’ (33)

X=—oC

where

. 0 1\ ..., . . o 1\ _ .
Z,=¢2(A,§)T(_l O)¢1(A,§)‘¢1()\,§)T<_l 0)¢1(A,§)

36
Zi=¢3(A T TV, E) T(L O b1 (N, £). o
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Finally, applying the boundary conditions (5a) and (27) to (35) we obtain the following
commutation relations (see the appendix):

{In S1,(A, £),1n S:(A', £}

AT+A7 AN 1 Al JAZ
=<_bz')\2—/\'2_2.)\2—)&'2)_§?+Tn_§_8(§—§’)—7ﬂ?6(§+6,) (37)

where A and A’ are either real or pure imaginary and

{sn('\i, fi), Szx(Aj, §J)} = _Aiszl(Ai, §i)s’11()‘i) * aij (38)
fori,j=1,2,..., N.

Next, we consider the commutator {S,,(A, £), S;,(A', £€)}. From (22) we have
N (asnu, £) 3 85,(\, ¢)
du(x) 9x  du(x)
_ 8512, €) 0 8Sn(A, §)> d
du(x) 9x du(x)

Substituting (28) into (39) we obtain

{SII(A, g)s S]l(’\” fr)}

— -1 N N T
"8 (A-(h—¢) L(“" (A, & x)

{8$11(A, £), Sii(A, &} =% J‘

-

(39)

BN & x) % BTN, €, )T 3N, €, x)

-y (A, %) d3(M, €, x) ;—x 1A &x) - d3(N € X)) dx. (40)

Using the AxNs problem (3) we obtain from (40) that

. 1 A+A s A=A 5\ |7
(5l 0,548 O =g (r 2 2 | @)
where
-~ _ + T 0 1 + ’ AR - T O 1 - ! ’
42

Z=¢I(AOT 1A, ) $7 (A, OT- 7(A, £).
Applying the boundary conditions (5a) and (27) to (41) we obtain the following
commutation relations (see the appendix):

{Sll(Aia fi), Sn(/\js fj)}=0 Lj=1,2,...,N (43)
and
{In $,1(A, £),In §,,(A’, £)} =0 (44)

where A and A’ are either real or pure imaginary.

By a similar calculation to those outlined above we can also obtain the following
commutation relations:

{S21(A;, £, S21(A), )} =0 Li=1,2,...,N (45)
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and
{In 83,(A, £),1n §,,(A’, £} =0 (46)

where A and A’ are either real or pure imaginary.
Using the commutation relations (37), (38) and (43)-(46) we arrive at the following
canonical commutation relations:

{Qi, Pi}=68(¢-¢) {Q\, Qi}=0 {P\,Pi}=0 (47)
and

{Qi, B}=15; {Q,Q}=0 {P,P}=0 (48)
fori,j=1,2,..., N, where

Po=Linsun ol Qu=argSu(h &) (49)
TA

where A is either (i) real positive or (ii) pure imaginary with 0 <—iA <|b|, and
P=-lna, Q =In Sx(A, &) i=1,2,...,N. (50)

Suppose that, among the N eigenvalues A, A,,..., AN, we have that u,, k=
1,..., r, are pure imaginary and that o, v==%1, £2,..., £85, such that Re . # 0 and

o_,=—0o¥. (s51)

That is, {fy, ..., My Ts1y oy ..., Tust ={A;,..., An} and N =r+2S. The variables
P, and Q; which correspond to the o, are not real (i.e. they are complex quantities).
For the convenience of later discussion we introduce the following real variables:

P = =Injp g = 1n|S5, (e, (1)) k=1,...,r (52)
and

n, = ~In|o, | . =21n|Sz:(a,, £(,))| (53)

ne=-argo, Y, =—2arg Su(a,, £a,)) (54)

v=1,2,...,8

Using the commutation relations (48) we obtain the following canonical commutation
relations:

{qk, P} = S ic

(55)
{qk, g} =0 {Pxs P} =0
for k, k'=1,2,...,r, and
{ey, ny}=28,, {ew, @}=0 {n, n,}=0 (56)
{Yo, n} =80 Yo, ¥, }=0 {n., n.}=0 (57)
for v, v'=1,2,..., S, and all other commutators are zero.

Now in view of the canonical commutation relations (47) and (55)-(57) we conclude
that the inverse scattering transform for the Mkdv equation under the non-vanishing
condition (2) is a canonical transformation and the scattering data are essentially a
set of canonical variables.
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Next, we will determine the dependence of the Hamiltonian H (defined by (19))
on the canonical variables P,, Q,, p«, 4x, N, ¢, M, and ¢,. In view of the boundary
condition (27) we have for Im ¢> 0 that

Su(h )= lim 1= 8ix(h, ) expli) (58)
where ¢75:(), £) is the second component of ¢ (A, £). From (58) we get

In S;(A, §)=J’ioo‘x(x,,\)dx (59)
where

a(x,A)=In (%_f 1A, £} GXP(iefX)). (60)

Also, in view of the fact that ¢ (A, ¢ x) satisfies the AkNs problem (3) we arrive at
the following Ricatti equation in o, —i£—iA:
d <<Tx —1£—1iA

u )+(ox—i§—i}\)2+u2=-2i)\(a'x—i§—i)\). (61)
dx u

Using the Ricatti equation (61) we can obtain the following power series expansion
of o, —if—iA:

o R(x
Gemig =ik =L (0N () + 3 L (62)
1 (210"
where
fa=-2i
Jo=u./u
d [u
= 2+—— =
h=u dx<u>
d i1 d (63)
U, u,
= - +— -1 — + —_
fo=—uu, dx[2<u) 2u* dx( )]
dluslduz}dz[lu2 d [fu
= uu,, +u*+ =) +=—1=) [+ | ==} +2uP+— (=) ]|,
fy=uu " dx[3(u> 2dx(u) dx?® 2<u> 2u +dx(u>:|
From (62), (63) and the power series expansion of &= (A?—A3)V%
E=A+Y ar”"
n=1
where
a, =1b? a,=0 a,= —1b*
64
a,=0 as=1zh® etc (64
we arrive at
& GCons
In S),(A, &)= ¥ —2- (65)

=0 (2i/‘)2n+)
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where
C,=J- (=b>+u?) dx
C3=j (—=b*—ui+u*)dx (66)

On the other hand, using (16) and contour integration in the region Im £> 0 of the
upper Riemann sheet, we have the following formula for In S,,(A, &):

A=A\ 24 [T In|S, (K, (K*+ b))
1 k
ln S“ A 5) ’gl n(/\ A*) 771 JO k2_/\2 d
24 (" arg §,,(ik, (b~ k*)"?)
k.
le K+ A2 d (67)
Expanding (67) in power series of A ™' we obtain
nSu(h &= 3 —[(A*) (A)"]- A7
n=1i=1
. LJ K" 1], (K, (k2 +69)"/%)] dk
77_1 n=0A2n+1 o
2 &=t (M, - 2_ 2172
- ZOP?H' k*" arg Sy, (ik, (b*—k)"'?) dk. (68)
n= 0
Remembering that {A,,..., An}={tt1,..., &y, Ouy,..., 0.}, Where w;,..., u, are
pure imaginary, Re o, #0 and o_, = —c}, we have from (68)
1 S A - 2n+1 (2n+1)
n S ( &= n20k212n+1 (pi)” “(A)”
+ - * 2n+1 . 2n+1y | ~(2n+1)
EO P (LI R CA LR Y
—;_—1 Zo)\z"” . J k" In|S, (k, (k*+b%)""?)| dk
n 0
(G D R :
‘; ZO NI J‘ k*" arg Sy, (ik, (b*~k*)'?) dk. (68a)
n 0
From (49), (52)-(54) and (68a) we arrive at
Corer= 3 D (exp(=po) P
k=1 2n+1

)2n+3

( 1)"" ' exp[ - (2n+1)n,] - sin(2n+1)n,

k2n+2

+(2)2"”'(-1)"'J Py dk

o (k2+b2)l/2

1 Ibj
- (2)2"*2. J’ k*" arg S,,(ik, (b*—k*)"?) dk (69)

0

forn=0,1,2,....
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Using (19), (66) and (69) we arrive at the following expression for the Hamiltonian

z oz
I

'\-D||W

o1-

exp(=3p) -4 X exp(—3n,)sin 37,
v=1

k=1

© k4 8 ib]
+8 L (_I(ZTW P, dk+; . J.O K? arg S,,(ik, (b*=Kk*HV?) dk. (70)
We now come to prove that the Hamiltonian H is a function of the momentum variables
P., p«, n, and 7, only, so that the set of canonical variables P,, Q., p«, 9k, v Co> Mo
and ¢, is of action-angle type. We see that in the formula (70) the first three terms
are functions of the momentum variables only, so we only need to consider the last
term in (70), i.e.

b1
%J kZarg S“(ik, (b2_k2)1/2) dk.

[+]

From (67) we obtain for real positive A that
N

A=At K P,
arg Sll(/\, §)= —arg<i];[1 )‘_/\l)+2)‘ J:) (k2+b2)1/2 k2_A2dk

21 [l arg 8,,(ik, (b* - k?)'/?)
+— 2 2
™ Jo k+ A

dk (71)

and for pure imaginary A (with 0< —iA <|b|) that
—mA? A K P,
wl’)‘:ZlA J b)) kz_k > dk
2AJ" arg $,,(ik, (b= k')
0 k*+ 2

- (72)

Using (52)-(54) we have for real A

N A"‘/\T x r n+1
—arg<i=1 A—A;)— Z A2n+l(k§1 _?_ exp[—(2n+1)pk])

- 1
+ ";0 /\2n+l

(gl 2n4+1 expl — (2n+1)n,] sin(2n+1)~qv). (73)

Substituting (73) into (71) we then obtain for real A that

© 1 r 2(_1)n+l
arg Sll(/\a §)= ZOAzyH.](kZl 2n+1

exp[—(2n+1)pk]>

5

+ ¥ (2

,,=12n+1

exp[ —(2n+1)n,]sin(2n+ 1)77u)

o 2
+2A J- k P ak

o (K+b3)7 K2-)7

2x {larg S, ,(ik, (b*— k* )”2)
+— 2 2
T Jo k +A

(74)
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We see that (72) and (74) form a system of linear equations in arg S,,(A, £), where A
is real positive or pure imaginary (with 0<-iA < |6]). In principle we can solve the
system of linear equations (72) and (74) for arg S,,(A, £). In view of the fact that the
coefficients of the system (72) and (74) are functions of the momentum variables P,,
Px, Ny, 1, only, we conclude that arg S;,(A, &) (where A is real positive or pure imaginary
with 0< —iA <|b]|) are functions of the momentum variables only. Hence the last term
in (70), i.e.

1}
8 J‘ k? arg S,,(ik, (b* - k*)'?) dk
mTJo

is a function of the momentum variables only.

We then conclude that the Hamiltonian H (given by (70)) is a function of the
momentum variables P,, p, n, and 7, only. So the set of canonical variables P,, Q,,
Di» Gk, My, @y, M, and ¢, is of action-angle type. Hence, under the non-vanishing
condition (2) the MKdV equation is completely integrable.

5. Conclusions
We have succeeded in showing that the MKdv equation u, +6u’u, + u,,, =0 represents

a Hamiltonian system under the non-vanishing condition (2), i.e. we rewrote the Mkav
equation in the form:

 O6H
" ox Su(x) an
where
H{ul= —%J- (u®—u2-b*]dx. (19)

The Hamiltonian H[u] is well defined under the non-vanishing condition and it is
dependent on the vacuum parameter b. When b =0 the Hamiltonian H[u] is identical
to that of the vanishing case (Flaschka and Newell 1975, Novikov et al 1984).

We have proved that the inverse scattering transform for the Mkdv equation under
the non-vanishing condition is a canonical transformation. The set of canonical
variables, denoted P,, Q., Px, 4k, N, ¥, M, and ¢, are given by (49) and (52)-(54).

We obtained a system of linear equations (given by (72) and (74)) in arg S,,(A, £),
where A is real positive or pure imaginary (with 0 < —iA <|b|). The coefficients of the
system of linear equations are functions of the momentum variables P,, p,, n, and 7,
only. Hence we conclude that arg S,,(A, £)T are functions of the momentum variables
only.

From (49) and (52)-(54) we have

2

1S, (A, &) =exp( —% PA> (75a)
arg $51(A, §) = Q, (75b)
Mi =1exp(—py) (76a)

+ Where A is real positive or pure imaginary (with 0< —iA <|b|).
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S5 (s, £(wi))| =exp(qe) (76b)
av=exp[—(nv+inu)] (770)
Sa(o, €(0.)) =exp[H e, —iv.)]. (77b)

Except for the sign of S,,(ux, £(u))T we can recover the scattering data from the set
of canonical variables P,, Q., Px, 9, Ny, ¥, M. and ¢,. First of all, arg S,,(A, £) is
determined since it is a function of the momentum variables. Also, |S,,(A, £)| is
determined using (75a). Now since

1Su (A, E)F +182(A, &) =1 (18a)
for real positive A and
lS“(A, §)\2"

for pure imaginary A with 0 < —iA <|b|, we can determine |S,,(A, ¢)| and hence S»,(A, &)
(since arg S, (A, £) is determined using (75b)). Also, the zeros of S,,(A, &) in the
region Im¢>0 of the upper Riemann surface, ie. {A;,As...,An} (=
{1, ovoes hrs Oxty.v.,Ts}), are determined using (76a) and (77a). Also,
\Sz,(uk,g(pk))l and S,,(a,, £(0,)) are determined using (76b) and (77b). Finally,
using (67) we can also determine S;,(u) and S},(co,). Hence, except for the sign of
S, (my, £(ui)), the scattering data are recovered if the canonical variables are known.

By expanding In S,,(A, £) in powers of 1/A we obtained an infinite set of conserved
integrals C,,,,[u],n=0,1,2,..., of the MKdv equation under the non-vanishing
condition (2). We noted that the Hamiltonian H[u] is given by

—3Cs. (78)

(18b)

On the other hand, using contour integrations we obtained a formula for In S,,(A, §):

2 1/2
In$;,(A, &)= Zln(’\ f‘) mJ’ In|S;,(k, (k +b ),

fog} A-A¥ k>~

ZAJ' blarg S, (ik, (b2 —Kk*)'?)
0 k*+A?

dk. (67)
i

Then, from this formula we derived an infinite system of linear equationsi in
arg S;,(A, ¢) (where A is real positive or pure imaginary with 0<—iA <|b|). The
coefficients of the system of linear equations are found to be dependent on the
momentum variables P,, pix, n, and 75, only. Hence we conclude that arg S,,(A, £)
(where A is real positive or pure imaginary with 0<—~iA <|b|) are functions of the
momentum variables only. In view of this fact and the two relations u, =iexp(=-p),
o, =exp[ —(n,+in,)] (see (76a) and (77a)) we conclude that the functionals ¢;,+,,
which are the coefficients of the power series expansions of In S;,(A, &) in A ™, are
functions of the momentum variables only. So the Hamiltonian H (= —1C,, see (78))
is a function of the momentum variables only. Hence the canonical variables P,, Q,,
P> Q> Nus @4, M. and ¢, is of action-angle type and the Mkdv equation under the
non-vanishing condition (2) is completely integrable. We then arrive at the conclusion
that the inverse scattering transform for the MKdv equation under the non-vanishing

+In view of the fact that y, are pure imaginary, S,,{uw, £(1,)) are teal (see (16)).
1 See (72) and (74).
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condition is a canonical transformation, and the scattering data are essentially a set
of action-angle variables.
Now consider those equations of the following type:

8 81 M

=a_x- 8u(x) I[u]z”go a, - C2n+l (79)

U,

where «, are constants and M is a finite positive integer. Note that (79) gives the
MKdV equation when I[u]= —3C,. In view of the form of (79) we conclude that each
of the equations (79) represents a Hamiltonian system, and the corresponding Poisson
bracket is the same as that for the MKdV equation, i.e. given by (22). Now, since the
functionals C,,,, are functions of the action variables P,, p,, n, and 7, only, so each
of the equations (79) is completely integrable and has the same set of conserved
integrals, i.e. Cs,1\[u), n=0,1,2,..., as the Mxav equation under the non-vanishing
condition (2).

Appendix. Derivation of the canonical commutation relations
This appendix gives proofs of the canonical commutation relations discussed in § 4.

Applying the boundary conditions (5a) and (27) to (35) we obtain
{S1(A, €), Sa(V, €9)
=()\—§)()\’—§’)+b2‘/\+/\’
BEEA-E(A'=¢) A—-A
X [—ib(A"=€)S1(A, £)S1(A, §) exp(=2i'x) = b>S1,(A, &) Su (X', €)
A= ENA = €)5(A, £)S1,(A, &) exp(2igx — 2i€'x)
—ib(A = £)S:1(A, £)S21(X', €') exp(2iéx)
+ib(A = £)S1(A, £)51,(X', ') exp(-2i¢'x)
—(A =6 —£)851(A, €)S5(1, §)
+b2S51(A, £)S1(A, €') exp(2iéx —2ié'x)
+1b(A' = €)82(A, £)S:(X', &) exp(2i&x)]],...
_i A-&+A'-¢) A=A
BEE(A=E)A' =€) A+
X[=b2S11(A, €)S1(A', &) exp(=2i&'x) —ib(A'— £)8,1(A, £)5:1(A', €)
—ib(A = €)Sn(A, €)S,1(A', €) exp(2iéx —2i¢'x)
(A=A = €)801(A, £)Sn(A), €) exp(2iéx)
+A=HA=E)851(A, £)S1(A', §) exp(-2i¢'x)
=ib(A = £)S11(A, §)8:(1, €)
—ib(A = £)82(A, £€)S11(A', §') exp(2igx —2if'x)
= b28551(4, £)82:(X', £) exp(2i€0)]|cac
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_ (A-&-(A'=¢) A+r
BEE(A—E) A =¢) A-A

X[—1b(A" = €)85(—A, —€)S,, (=", =¢&") exp(—2iéx —2i¢'x)
+b28,(—A, —€)Sy (X, &) exp(—2i¢x)
F(A=EA = E)Su(A, )51 (A, =€) exp(-2i¢'x)
+ib(A - £)Sn(A, £)Sn(A', €)
+ib(A —£)S5,(—A, —€)S, (=M, —¢') exp(—2iéx —2i¢'x)
A —EA = €)8(=A, =€) 5:(A', £) exp(-2iéx)
+b78),(A, €)S1,(—A7, —¢') exp(—2i¢'x)
~ib(A" = £)51(A, O)Sn(A, €]
C(A—HW=E)=b A=

BEEA—EHA' =€) A+
X[=b%8y(—A, —€)S11(—A', —¢') exp(—2iéx —2i¢'x)
Tib(A' = €)52(=A, =€) Sx (X', §') exp(—2iéx)
—1b(A = €)Su(A, £)S11(=1", —¢') exp(-2i¢'x)
—(A =)A= £)81,(A, §)S,(A, §)
(A=A =£)8(=A, =) Sn(=A', €) exp(—2iéx —2i¢'x)
+ib(A = €)S21(=A, —€)S2 (X', €') exp(—2iéx)
—1b(A' = £)811(A, £)81,(—A", =€) exp(-2i€'x)
+b7S1 (A, )81, )]

From (A1) we arrive at

{S11(A;, &), 521(/\1', fj)}

='_Ai'SZI(Aia§i)'S/11(/\i)'aij for i,j=1,2,---,N-
We also obtain from (A1) that
{Sll(/\’ g); 521(’\,1 §’)}
1 A+A” APA2
='§—§7<—b2 AR /\2_/\,2) 814, €)85 (A, )

LA-HW =) +b

see(r -0 —g) AT

x (()\ —E A = £)8(A, £)Su(A', §) - i\g— - mid(£-¢)
+b255,(A, £)S1, (A, €) - /\? . 7ri5(§-§'))

L AmO-V=g)
866X - )X —¢)

(A+A)
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(A1)

(38)
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X(~ib()\’—§')5n(—)\, —&)Su(=A, —¢) % mid(§+¢')
+ib(A = £)Sa(-A, =E)Su(=2", &) - % wi5(§+§’))
(A=HA'-¢)-b

TS - —g) PN

1

< (—bzsm—m _OS (N, —E) i,— Ti8(£+¢)

(A=A =€) (=2, =£)S1(=A", =¢) % : ﬂi5(§+§'))

Ar+r7? A2 1 o
=(—b2/‘2_/\,2_2 ‘ )\2_/\,2> 'Eé:- Sll(’\’ g)SZI(A ’é:)

+-’1;— S(h, E)Sai(N, E)8(€— )

mir?

¢ Su(A, £)S2(A', £)8(€+¢) (A2)

where A and A’ are either real or pure imaginary.
From (A2) we immediately have

{In 8,,(A, €),1n S5, (X', €}
~~1_(_[)2)\2“'2_ A2 >+7riA2
P Al A" ¢

Next, we will prove the commutation relations (43) and (44). From (5a), (27) and
(41) we have

{S1(A, &), S, €)1}
_ AW=€)=(A—-§) A+N

BE'(A—H(A' =€) AN
X[1b(A = £)S11(A, €)81,(A, €)

= (A=A = €)51(A, ) S, €) exp(2i€'x)

+5%S51(A, €)S11(A, £') exp(2iéx)

+ib(A =~ €)851(A, £)S5 (A, &) exp(2iéx+2i¢'x)

—ib(A'~€)81(A, €) S, (A, €)

= b°S1(A, €)S(A', €) exp(2ié'x)

FA =)A= €)S0(A, £)S11(X, ¢) exp(2iéx)

—ib(A = €)S21(A, £)S,,(A, €) exp(2iéx +2i€'x)]|

LA=OW =)= A=N
BEEA—ENA =€) A+ A

6(5—5')—”—?5 s(e+e).  (37)

X—=0oC
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x[=b28,1(A, E)Su(A', €) —ib(A" = €)S11(A, €)S21(A, €') exp(2i€'x)
—1b(A —€)S(A, £)S11(A', €') exp(2iéx)

+(A=EA = €)8(A, £)85(A, &) exp(2iéx +2i¢'x)

A=A —€)5u(A, £)Su(A, €)
=1b(A — §)S11(A, £)82:(A', §') exp(2i€'x)
~1b(A' = £)8,,(A, £)S1,(A', €') exp(2iéx)
—b’Sy(A, £)Sa (A, €) exp(iéx +2i€'%)]|. .
A—O-(N=¢) A+N

BEE(A—E)A'=¢&) A—A

X[ib(A = £)S2(—A, =£)S5, (=1, —§') exp(-2iéx —2i¢'x)
~(A = O =£)8u(=A, —§)S81,(A', §) exp(-2iéx)
+b28,(A, £)S51(—A', — &) exp(—2i¢'x)

+ib(A'— €)81(A, £)Su(A, €)

—ib(A' = £)85(=A, —§) 85, (—A', —¢') exp(-2igx - 2i¢'x)
= b8y (=A, —E)Su(A, &) exp(—2iéx)

+ (A=A = £)81(A, §)Sn(=A", —§') exp(-2i¢'x)
—ib(A = £)S1(A, )S1(A, )]l

_A-HA-g)=b A-N
BEE(A =N =¢) A+

X[=b>Sy(—A, —£)S5(—A", —¢') exp(—2iéx —2i¢'x)

—1b(A = £)8(=A, —§) 81, (A, ) exp(—2iéx)

—ib(A = £)S11(A, £)So (1", —¢&') exp(-2i¢'x)

(A=A - €)Su(A, E)Su(A, €)

A=A = £)80(=A, —§) S5 (=A", —¢') exp(—2iéx —2i¢'x)

—1b(A = £)Sxn(=A, =€) S1 (X', €) exp(-2iéx)

—1b(A" = €)S11(A, €)S2(—A", —¢') exp(—2i¢'x)

=b°S1, (A, £)S1(V, )], (A3)

From (A3) we arrive at

—-ib

{Sll(’\i: gi)a S]l(/\j’ é})}=0 fOI' i,jzl’zs""N- (43)
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We also obtain from (A3) that
{S11(A, €), Si(A’, £}
—ib (A=¢)-(r=¢§)
BEEA—EA'-¢)

x (ib()\ "= E)80(A, 6)Sn(1, €) - l;— - mid(€+¢)

“(A+A)

’

—ib(A = £)S52(A, £)Sx1(A, €) - = mid(§+ «f'))

§/
A-Ha'-¢g)-bv*
T8 -0 —g) AN

A,,
X ((A = &A= €)81(A, £)81(A, €) - ra mid(£+¢')

—B2831(A, £)Sx (A, &) % ﬂi6(§+§’)>
L A—--g)
B8eE(A—O)(A' =)
x (ibu = )821(~A, ~€)Sx1 (=N, =€) l;— miS(E+¢)
~ib(X' = £)Sn(=A, —£)Su(~N', —£) % wia<g+§’>)
A=W =g)-b
BEE (A~ )A€

X [_bstI(_)" =6)Sn(=A", -¢) - I\E ~mid(§+¢)

(A+A)

(A=2A")

A ,
A=A =€)8(=A, —€)Sn(=A', —¢) e mid(§+¢€ )]- (A4)
Using (14) we obtain from (A4) that
{Sll(’\’ §)’ Sll('\/y g’)}=0 (AS)
where A and A’ are either real or pure imaginary. Equation (AS5) implies that
{In S11(A, €),1n S;,(A', £)}=0. (44)
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